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Abstract

Sof(wam to evaluate funclio]ls  of OIIC or two argu]ucui(s  is too ofLeli

tdd or cmtificd, or the accuracy assessed, by  dhoc ]ucthorls.

Systc]oatic methods to tcsl, certify or assess the accuracy of singlc-

or double-precision functio]ls of one  or two argumcvAs,  and supporting

soflwarc, arc dcscrild here.

1. introduction

‘l’cstingt)ho acc[]racy of})rc)cc(lllrcs  tliat cl’alllat)cf(lllctic)lls of o]lcor two argu-
mmIts hastakw) ]oanyfmms, frol[l  co(l(:il)s])cc(ioll, to comparinga fcwsclcctcd
values Iwoclucccl by t)llclmoccxlurc  witjf] tabulated values, to Culllbc:rsol]l(!t(’stillg
protocols inspired by InctfIods of software c]lgillming, t]lat verify that cwcry
lil]c of code of tllc ]woccdurc is cxccutcd.

g’hc  first of these methods addresses the qucstioIl wllctllcr  tllIC ])roccdurc  at-
ilcmpts to solve the desired  problcna. TIIC smond  addmsscs  the qucsticnl  whether
the ]moccclurc calculates the correct allswcr. It addresses tllc qucs(liolk  of real
inicrcst, but bccausc  of the manual nature of tllc process it, is tedious and ill+
hcrcmtly ullmliablc. ‘1’lm IJlird adclrcsscs the qumtio)l  wllct]lcr  the input h a s
been sufficimt  to exercise all of the ~Nocmlurc, but ])ot  tllc question wl)ct,llcr t}lc
])rocccll]rccolll])[ltlcs  tlf]c cor]cct  rcwult.

WC dcscribc  hmc a sillll)lc yet co]tl])rc!llcllsivc!  tcstillg ~xwtocol, of the sccoIId  ki]ld
dcscribcd  above, togetllcr  wit]l su])l)orting software t)llat automates the Imccss,
thcrcl)y  rcmovingthc  tcdiu]n,  and ]r~aki]lgtllc])]occss  IIIOrC reliable.
—

*’J’lIc work dcscribcct  ill this pa],er  was carried out at the Jet l’repulsion l,at,oratory,
Califor[,ia  Institute of ‘Jkd,l,ology,  4800 Oak Glow  l)rivo, l’asadcv,a,  CA 91109-8099 lJSA,
uldcr contract with  the Natioual  Acto:lautics  and Space  Adl)li]listratiorl.
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]n outline, the mcthocl consists of

c I’;xecutitg  the sofl,warc ulldcr  t e s t  witli systcnnatical]y  C}1OSCVI  argu~llcllt,s
in usm slmcificd ra]lges;

● Co]nparing  each result  produced by the software under test to a result
computed Ly a higllcx-lmcisio]l  rcfcrcmcc  lMOccdurc, and thereby calcu-
lating four error measures, viz.

Error  in units of the least sigl]ificallt digit,

Relative error ill units of the ]nachil]c precisio~l,

- Absolute error,  and

}’hror  relative to the inllcrcllt  error  of tjllc functjio]l;

s Acculnulating  statistics and a llistrograt[]  for cacll error lncasum;  slid

● Rc]mrtill. g the test results, viz.

q’hc statistics and histograms;

The  tcm lnost  positive and tcxl Inost negative errors, by each mcasu] c;
and

A cruclc ‘{plot’) of the errors, Ly each ]ncasurc.

‘J’hc sup]) orting  software collsist,s of two si~@c-]mcisio~l  proccdums,  SrJ’l~Nl to
test functio]ls  havi~ig  CHIC argulnc]]t,  and S’I’1’N2  to test functio]ls  having  two
argummlts,  and two corrcs]mldillg  clo~]l)l[:-])rccisio]l  ]MOCCdUrCS)  1) ’J’l$N 1 a]ld
lYIT’N2. IIc1ow, wc usc x’1’FNI  or xrJ’F’N2  wlLcrc tllc discussiml alq)lic!s to botl]
~wccisions,  x’J’F’N1 and x’J’F’N2  usc a co:nmon 10W-1CVC1 procmlurc,  x’J’}”N,  and
others not discussed

2 Selecting

hm!.

argument values

2 . 1  Sdec%ing argument values in xTFN2

‘J’lIc  calling ]moccdurc ol)tio]]ally sets l)aralnctcrs  NX, NY, MX alld hlY.  NX and
NY specify tho IIumbcI of ~najor subdivisimls  for tile first  and scco~ld argu]nc])ts,
xcxpcctivcly; h4X and h4}7 sImcify tllc ]lu~[llmr  of ~llillor subdivisions for tllc first
and second argulncnlts,  rcspcctjivcly; q’l]c dcfaultj values for NTX, NTY, h4X and
MY arc 72, 36, 4 and 8, mpcctivcly.

1’lIc calling proccdurc  ~movidcs tl]c arg;ulnc]lt,  array  l{ANGF;S(l :4) to x’1’FN2.

x’J’J+’N2 divides the rectangular region l{ ANTGI’;(I  :2) x I{ANGI+J(3:4)  itho NX x
NY major regions, atld each of tl]osc irlto h4X  x h4Y miller  rcgio]]s.  ‘1’lICII  onc
j)air  of argumcnlt values is sclcctcd  i]] cacl] ]llil]or region fro]n two illdclmlldc]lt
unifor~n random  clistril>lltjic)lls.
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2.2 Selecting argument values in xT’FNI

‘1’hc callillg  ]mccdure  lJrovi&s  argu]nrmts  RANG}’;(I :2) aiLd NI’’J’S to x’1’FNI
to specify the range atld Iiurnlx:r  of argunmts  at wl)icl] to tmt tl]c functjiml.

x! I’FNI  sets  NX =. 25, MX =. [ N1’TS / 25 ], NY = 1 and MY = 1, and calls
xrJ’}~’N.

If onc wants difi’mmt values for NX amd hlX,  O]IC can usc xrJ11’N2 with NY =
1 and MY = 1.

3 Measuring the errors

}tacl] time x’I’FN  requests a furlctio]l  value, t}m
ccdum  is cxpcct)rxl  to provide a result  from tllc

user’s function cvaluatio]]
fu]lction IMoccdLltc uIIdcr

I )l’o-

ts!st!,
and a rcfcrrmce result of higllcr  ]mcisio]l,  wllicll is assulllcd  to be accurate to
the full prrxision  of tlm test result. Whrvl tmsting a sin.gle-prmisio]]  ful]ctioll,  the
user is cxlmctcd  to lwovidc  a CIolll>lf:-])rccisic)ll rcfcrrvlcc  result. When testing a
floublc-precision function, tlic user is cxlmkxl to lmvidc an cxtrn]dcd lmcisioll
rcfmmcc  result i]] a format, co]nl]atiMc to l{icllard 1 lrrnlt’s  cxtc]lded  ]mwisio~l
],ackagc [1, 2], which is US(XI  i~ltcrllally by l)rJ’h’N.

IIclow,  b is t,hc radix of arith]nctic, tllc test value is It = l’~b~’;’, the rcfcrmlcc
value is Vr = I;.bF;’  , v is tllc IIumk  of base L digits in aritl]ltlriic  usd f J y

tllc prorwclurc  u n d e r  t e s t ,  a~ld  f = bl  -

”
is the Iuacllinc  ]mcisiml,  tllc srnallcst

m]mber  such that 1 .0+ c + 1.0 wlml  cvaluatrxl  in tlhc aritlu]iriic of tllc proccdurc
under trot. x1’P’N assumm  floating-Imint  nu]rllm.s ate ]Ionnalizcd.

Errors  arc mcasutcd  in four ways:

Error  as a multiple of t)llc least Si.ry]ificallt digit is M = Wf - lVr, wlmrc lt~t =
1; b“ = 1~ b“- ~;’ allcl Wr = l{. b”- “;{ = l{~b”+ l’;’- “;’.

Absolute error  as a ]nulti])lc of LIIC working lmcisio]l  c is A = II;b’;’  - ] = I)/r,
wllcrc 1) = It – Vr. Scaling by c is ]Iot  always ideal, but is usually convrnlimlt
for ~milltillg.

Iiclative error  as a multiI)lc  of tllc workir)g  precis ion r is 1{ = ,~~, , b“- ] =-

;fib”- ] = & q’hc ratio 1~/1{ is bou)ldrxl  betwcxm  1/b and b.

Fhor coml)arrxl  to tllc iuhcrrvlt  onor is

iIl which tl]c dmomil)ator is how o)lc expects a]) error  it! tllc argul[lmts of OIIC
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‘-J””.

U n i t  of Ioulld-d’  to afl(!ct  t]lc! fullcticnl wdu(!;  711)  iS t}lc Iluulh!r  of coln~)ollc!llts
of tllc function value atld l~,i is tl]c i’tll co~n~)ollc]lt of th(! test value. AII error
11 Y 1 is i]] scnnc sc!]lsc “tllc IIcst OIIC call cxlmt.”

‘J1lIC user’s function  evaluaticnl ]mccdurc  ca~l co!n]mte derivatives, or request
that x1’F’N a])proxi]natc  derivatives by diff(!rcnlccs. in tllc latter case!, tllc ful)c-
tioll cwaluatio]l ]mocxxlurc  ca]~ sigl~al that tllo ful~c.tiol~  is al] al~alytic fullctfiol]  of
a complex argument, iu which case ~$~ and Q~y2 can lm computed from ‘$]

a u d  ‘}~’ by a])])lyillg tllc Callclly-l{i(:lrla]lll  cmlditions.

x’J’I$N cau assess futlcticnls that rctu]]]  results wit]]  ~tlorc than OJIC cmn~)oncnt,  ill
])articular,  comlJcx  rc!su]ts.  If a result has o]]c colIIImImt,  errors arc  ]ncasurcd
as mqdaincd  above. If a result has mom tjlla~l ollc coln})onc~ltj,  tllc error ill tllc
least siguificallt  digit is cmnlmtcd  as above but o]lly for tllc comI)o]leut of largest
~Ilagllitudc;  absolut~! cmor l) = [1 l; - 1{ [ 12; scaled absolute mm A = 1)/c  a]]d
relative error  1{ u A/[lVr112.

4 Statistics and histograms

4.1 Statistics

I’or c!ach ]ucasurc,  xq’1’N co~nlmtcs  rncau ,  staudard dcviatiml,  minilnulu  allcl
x[laxi]nu~u  cmor. S ta t i s t i c s  arc sc~)aratcly co]n])uted for sigllcd al]d ullsig~lcd
error lncasurcs.

For cacll measure,  xrJ’FN rcnnmubcrs  tllc argulncnts  a]ld fu]lctio~l  values for
which the 10 most ])ositivc and 10 ]nostj  nc.gat,ivc mom were obscrvccl.

4.2 Histograms

x’JT’N computes histograms of tllc ]Iu~ulm of sam])]cs  for wllicll 1; < – 2]” <
3; < –29 <... <-1/251c <051c51/2<P;5  1<... <29< E< O<E <E.
A similar histograln  (with oIIly positive ralgcs) is cmalmtcd  for II;(. Siluilar
histogra]us  arc coxll]mtcxl for tllc ot,llcr cnor ]ncasurcs  1{, A atld IJ.

5 Reports

lksults of the tinting arc ]mscl~tcd  ill tlircc ])arts.

2111c first part lwcscnts  the argulucxlt rallgcs,  nuTtlbcr of sal]lplcs attmu])tcd  allcl
muubcr  of samples  successfully cvaluatccl,  histograms, a~ld statistics of ]ncau,
standard deviation, Inillilnutn and ~tlaximuln.
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l’llc  seco]ld  ]Jart ]m!scxlts  tllc! 1 0  luost  ljositivc  a~ld 1 0  luost  ~lcgalivc errors
olm!rvcd,  for each mcasum,  togctl]cr  with tile argummlts  and functio]l  v a l u e s
for wl]ich t,liosc  errors  were obscrvcx].

‘1’hc third ])art corlsistls  of a crude  ‘[Jdot” of the errors, as dcscribcd  in the IIcxt
scctioll,

l’;acll ~)agc of tl]c rcl)ort  il]cludcs a user-su]q)licxl title.

6 Crude “plots” of the errors

lllcacl~oftlmNTX  x N>']  I~ajors~~l)(livisi()]  Isoftllc  arg~ll~lc:]lts,  x"l'}`N  rcmcnubcrs
thcmiuimum ald maximulu  c]r<)rc]lcoll]ltcrc:cl  ill a]lyofth MX x MY Iuillor
subdivisions, for cac}l mcasur(!,  x’ll~h’  lUWIUCCS crude ~dots  of tllc crrcm  usi~lg
these minimum ancl maximum error  summaries. ‘lllw user cau select the cmor
measures for wllicll ])lots arc co]lstructcd.

I{’or  fuuctio])s of o]]c argulucmtj a crude ldot  of the maxi]num  and ~uilliluum error
in a Inajor  subdivisio~] is Iucl)arcxl  by collstmctillg  a character array  ill wllic]l  a
sylubol (’F;’,  ‘It’, ‘A’ or ‘11’) is placed  at a Imsit,io]) i~l tl]c ar~aycor~es])oll{li]lg
totl]cv al~][:o ftllc(:]]orfc)  rtl]at subdivision]], scald totllc]l]illi]]l~lrll  and max-
i]~~utu error for the wkirc  range. tested. If mm is witl~il] tj})c ra]~gc of Il]illillmul
a]ld Iuaximum  error for tllc elltirc  ratlgc  tmtcd, a ’0’ sylubo] is ldaccd  at tllc
aIqnolmiatc  l)ositio]l  before ‘}+;’, ‘1{’, ‘A’ or ‘I\’ is ]daccd i]lto t,l]c amay.

l’or each major subdivisio]l,  tl]c! abscissa of milli]uum error,  tllc Ininiluulu  mm,
and tl]c plot of milli]uum error is ]milltcd,  for all Sclectcd error ~ucasures,  01) tl]t!
same litlc, followed by a~]ot,llcr li]]c displaying si~uilar illforl[lation  for ]uaxiluulu
error .

F’or  furlctio]ls of  two argu]ucvks, a crud(!  “dc]lsity ]dot” of t,l)c crmrs is coll-
st,ructcd.  l’or cacll of tllc NTY m a j o r  subdivisio]ls  of tllc scco]]d arguruc]ltl,  a
character array of NX c!lc]uc!nts is co]lstructcd,  oIlc for cacll of tllc NX ~uajor
sulxlivisiolls  of tllc first argu]llc~lt.  A sy]ul)o]  is Idaccd illt,o cac}l clc]tlc!~jt, of the
array,  that dclxnlds 01) tllc error of ]uaxiluu]]l  luagllitudc,  a~ld tl]c sigu of tllc
(mor  of maxinmu]  ]uag]lit,udc. “1’l]c default, valuc!s arc Ma]]k  for no data, ‘.’ for
OS IcI s 1/2, ‘A’ for 1/2 < c ~ 1, ’11’ for 1 < c <2, etc., and 10WW case lcttlcrs
for ]]cgativc errors (c is onc of l], 1/, A or 11). The user ca~l chaugc the syml)ols.

‘1’hc ~dot is conshmctml,  row by row, Ly ])ril]t,i]lg  the }7 abscissa and a character
array  constructed as clcscribcd above, for each of tllc NY major subdivisio~)s  of
tllc sccorld  ar.gumcmt,. A sc])aratc  ])a.y! is US(XI for each selected ]dc)t.
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A Sample output from S!ITN2

Claesify  Err.,. in S1”S1. Pr. <i, ion  S u b r o u t i n e s 03 f26t96

Reference:  ZUOFZ  -  Doubl.  Pr. ti, i.” CO.PIBX  U

Test: CVOFZ  -  Si”~l$ P,. c1s1o”  cmPlex  W

Fi,. t .,g.mmt: Uefer,  n,e nm~. - [  . 0 0 0 0  OOE. D O .  1 0 . 0 0 0 0 1 ,  dividad 1“,. 2 8 8  equal  .ubrar$e,

second  argument  ,  Reference Range  = [  , 0 0 0 0  OOE+OO. 1 0 , 0 0 0 0 1 ,  divided 1“,. 288  e q u a l  ,ubra”ge,,

~itb a point randomly  relec ted i n  amch  of the 8 2 9 4 4  s“brangaa.

Rafarence a n d  te, t fu”ctlons “., * s“cca,  sfully axecut ad,  .“d the result. succe. mfully a n a l y z e d ,  at 8 1 6 2 7  POi”  LS

BPS  = 1 .  19?1E-07
D  = Y,.., -  )’,,.. A= D/EPS

E  =  D  in unit. of  I.Bt bit pmitim of YCest RE1  = D  ;  ABS(YC rue)

R = RH  / EPS B  =  D  I  m,r(EPS*ABS  (Ytru e), ABS(Per  Lurbad  Ytrue - Y,,..))

GOOD

BITS

13

14

16

16

17

18

19

20
21

22

23

24

24

23

22

21

20

19

18

17

16

16

14
13

24

23
22

21

20

19
18

17

16

16

14

13

Cl k3S1FJCAT10N

lN1kRVALS

BEIOU -2**1O

-2.*9 TO  -2**1O

-2.+8 T O  -2000

-2**7 T O  -2008

-2.*6 T O  -2007

-2.06  T O  -2.*6

-24,4 T O  -2,,6

->**3 T O  -2004

-?**>  ?0  -2*+3

-2+,1 TO  -2**’J
- 1 . 0  T o  -2..1

- 0 . 6  To - 1 , 0

- 0 . 0  T o  - 0 .  s

0.0 TO 0,6

0.6 TO 1,0

1.0 TO 2*.1

2..1 ?0  2..2

20+>  T O  2003

2.+3 T O  2**4
2.*4 TO  2+46

20+6  T O  2**8

20.6 T O  2007

2..7 m 2..8

2..8 ‘co 2..9
‘2.+9  T O  2**1O

ABOVE 2.*1O

0.0 TO 0.S

0.6 TO 1.0

1.0 TO 2..1

2*+1 TO 2.+2

2**2  T O  2**3

2.+3 T O  2.+4
2**4 TO  2.,6

24+S  TO  2*o8

2+*6 T O  2.+7

?**7 T O  2.+8

2+*8 T O  2.09

2+*9 T O  ?**1O

AROVE >..10

MEkN
ST”. DEV.

MAX  POS.  VA! UE

MAX  NEG.  VA1,UE

MEhN

SIO, DEV,

MAX  POS. V A 1  UF,

MAX  NEG. VA1,UL

E
COUNT X COUN1

2 .0

1 ,0

3 ,0

4 ,0

13 .0

M .0

66 ,1

414  .6

1361  1,1

1 9 6 3  2.4
2920  3 . 6

4 6 4 3  6 . 7

9 8 9 2  1 2 . 1

1 6 6 1 6  1 8 , 1

16602  2 0 . 3
1 8 6 4 1  22.8

6 2 6 8  7 . 7

2 2 6 4  2 . 8

71a .9

124 .2

29  ,0

10 .0

4 ,0
2 .0
2 .0

2 ,0

R A B

X COUN1 7, COUNT % COUNT k COUN7 x COUNT X COUNT Z

> .0 0 ,0 1 .0

1 ,0 0 ,0 1 ,0

0 .0 0 .0 i .0

6 ,0 0 ,0 0 ,0

2 .0 0 .0 3 .0

20 .0 0 ,0 6 .0

37 .0 0 ,0 13 .0

162  .2 0 ,0 36 .0

$37  1,1

1 8 0 6  2 . 2
‘ 2 1 6 3  2.6

3 ’ 3 0 0  4 . 8

1’2341 1 6 . 1

27660  2 7 , 6

2 0 7 1 9  26,4

121S4  1 4 , 8

3144  3,9

1369 1,7

261 .3

61 ,1

14 ,0

6 ,0

3 ,0

2 .0
1 ,0

2 ,0

0

21

197

630

20618

68128

844

266

24

0

0

0

0

0

0

0
0

0

,0

.0

,2

.6

26 .3

72.4

1.0
,3

,0

,0

.0

.0

.0

,0

.0

.0

. 0

,0

318  .4
1168 1.4

1960  2.4

2731 9.3

1 6 1 4 8  1 8 . 6

32934  40,3

17744  21.7

6 9 9 4  8 . 6

1987  2,4

6>0  ,6

69 .1

12 ,0

6 ,0

1 ,0

2 .0

,0
; ,0

0 ,0

IEI CUMULATIVE I R I CUNU, fiT,  “L IA I CUHUL”TIVE IBI C u m u l a t i v e
26607  3 1 . 2  26&o7  .9!.2 3 4 9 0 1  4 2 . 0  3 4 9 0 1  4 2 . 8  79746  9 1 . 1  7914e  9 7 , 1  4 8 0 8 2  6 8 . 9  48082  6 8 . 9

2 1 2 4 5  2 6 . 0  46762  5 7 ,  S  2 4 6 1 9  3 0 ,  >  6 9 5 2 0  12,9 1 3 7 4 1,7 8 1 1 2 0  9 9 , 4  20476  2 6 . 1  68651  8 4 , 0

2 1 6 6 1  26.4  6 8 3 1 3  8 3 . 7  1 4 2 7 7  1 7 , 6  73797  9 0 . 4  4 6 2 ,6 8168>  99,0 8 ’ 3 4 4  11,0  7 7 6 0 1  9 4 , 0

8221 10.1 76634 93.8 4960 6.1 7B747  96.6 45  .1 81627 100.0 3145 3.9 80646  96.8

361S 4,4 80149  98,2 2306 2,8 81063 09,.9  0 ,0 81627 100,0 838 1,0 81484 09,8

1102  1.S 81341 99.6 419 .6 81472  99.8 0 .0 81627 100.0 95 .1 81 V/B  99.0
190  ,2 81631 99,9 98 ,1 81670 99.9 0 ,0 81627 100.0 ?6 .0 81604 100,0

63 .1 81684  S9.9 34 .0 81604 100.0 0 .0 816?7  100.0 11 .0 81616 100.0

23 .0 81607 100.0 1 .0 81611 100.0 0 .0 81627  100.0 4 .0 81610  100,0

8 .0 81616  100.0 8 .0 81619  100.0 0 .0 81627 100.0 2 .0 81621  100.0

6 .0 81820 100.0 2 .0 81621 100.0 0 ,0 B1627  100.0 2 .0 81623 100.0

3 ,0 81623  100,0 2 .0 81623 100,0 0 ,0 B1627  100.0 3 ,0 81626 100,0

4 ,0 81621 100,0 4 ,0 81627 100,0 0 ,0 81827  100.0 1 .0 81627 100.0

E IEI n IRI A IA I B IBI
.612 1.634 .391 1.145 2.487 E-02 6.608 E-02  .292 .122

28.660  28. S28 23.142 23,11? .168 .161 11.306 11.268

203 S.983 7116.639 1649.919 6039.006 3.06 3.80 8 9 6 . 2 6 1  2 8 2 6 . 6 2 4

- 1 1 1 6 . 6 3 9 - 6 0 3 8 . 0 0 6 - 3 . 8 0 - > 8 2 6 . 6 2 4

RF,l IREI  I D ID I

4 . 6 6 9  E - 0 8  1.368E-07 2.966 E-09 1,B78R-og

2 . 1 6 9  E - 0 6  2 . 7 6 6  E - 0 6  >,007E-OB  1,86sE-08
1 . 8 4 8  E - 0 4  7 . 1 9 9  E - 0 4  3 . 6 4 0  E - 0 7  4.629  E-07

-7,199 E-04 -4 ,6_i9  E-07
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11’o save spare in this report, outlmt of tllc tell mos~ ~msitive and negative errors
is proviclml here only for the relative error ~ncasurc,  1{. ll’loat)illg-l)c)il]t  IIUIIIlWS

dcscrilmd  as “IIcx”  are displayed with hexadecimal fraction. q’hc cxponmlt  is
to the base b usccl ill the arithmetic of tllc lnoccdurc  under t[!st, wllicll may
not be hcxadccima].  The cxI)ollc!llt  is ]wintrxl il] dmimal  notation. For cxamp]c,
usit]g IFWF, arithmetic, the decimal ~m]nbcr  0,62437 x10- 3 is }witltml  in “}Icx”
as “-1 O + A3ACW”  which means 0. A3AC8N’1 G X2- 10, wl)cm “10” is t,hc decimal
IIUIIILCI  10, not 2 (binary 1 O) or 16 (hcxadccilnal  10).

Classi fy  Errors  in  S ingle  Prec is ion Subrout ines 0 3 / 2 5 / 9 6

Reference:  ZWOFZ  - Double precision complex h’
Test :  CWOFZ  - Single precieion  complex W

The 10 most Poe.itive values of R
Decimal Hex Arg.

Part  Argument Exp Frac
1 4.9553 3 +9 E9172
2 . 62437E-03 - l o  +A3AC8F
1 4.9228 3 +9D87DF.
2 20653E-02 - 8  +87694F
1 6.6666 3 +B554EF
2 .45902E-03 - 1 1  +FOA858
1 3.3258 2 +D4D9BB
2 . 66836E-02 - 7  +DB03F4
1 4.7160 3 +96E913
2 57609E-02 - 7  +BCC5C4
1 2.92B9 2 +BB7341
2 . 13730E-02 - 9  +B3F6B2
1 6.9494 3 +BE61DF

2 37644F.-O2 - 8  +F6B4F.1
1 3.9216 2 +FAFAOB
2 68209E-02 - 7  +DF819R
1 3.6867 2 +JlBF3AF
2 14561E-01 - 6  +F.E9280
1 3.8607 2 +F715BC
2 .86015E-02 - 6  +8CED35

Hex Test
E x p  Frac
-15 +S09998

Hex Ref
Exp F r a c
- l b  +B09383  i

Decimal
E r r o r
15b0.

- 1 4  +D7B25E -14 +D7AA6A  O 1208.

- 1 6  +SE3184 -16 +8E7F46  D b16. O

- 1 1  +DCOF5b - 1  i +DCOC26  E 3 2 4 . 6

- 1 2  +A4FA1B -12 +A4FBAF. D 282. b

237.1- 1 1  +9EE;733 -11 +9 F. F.60C  9

205.7- 1 3  +839733 -13 +B396bF  S

-11 +92  F,57F - 1 1  +92E4EB  2 1?6.8

- 1 0  +B4D259 -10 +B4D1BE b 109. b

- 1 1  +BFF8DD - 1 1  +BFF83F  8 10b. O

The 10 most  Neeative values of R
Decimal “ ‘“

. .

Argument
4.246B
.26134E-03
5.2?44
. 12896E-02
4.7567
.27771E-02
3.2919
. 43992 F.-O2
5. b105
. 10982E-O2
b.2846
40207E-02
4.0592
9068  bE-02
3.3734
39224E-02
3.6460
.lb939E-01
4.7716
18020E-01

Hex Arg.
Exp F r a c

3 +B7EbEF
- 1 1  +8904AB

3 +A72E46
- 9  +A90979

3 +9836E0
- 8  +B60004

2 +D2AEE4
- 7  +9027b6

3  +B05621
- 9  +BFF032

3 +A91B2F
- 7  +B3BFBF

3  +61E49C
- 6  +94941D

2 +D7F.62A
- 7  +80B756

2 +E956CC
- 5  +B29389

3 +9 SBlb8
- 5  +939F1B

Hex lest
Exp F r a c
- 1 6  +96B58B

- l b  +EI)2BD4

-13 +9 C1CEF

-11 +994642

H e x  Kei
E x p  Frac
- 1 6  +96D156  8

Veclmal
E r r o r

-6039.
Part
1
2
1
2
1
2
1
2
1
2
1
2
1
2
1
2
1
2
1
2

- lb  +FT13623  B -1424.

-13 +9 ClF7b  7 - 6 3 0 . 0

-11 +99474C  o - 2 2 2 . 2

- 1 5  +B4664E - 1 5  +B467bC  2 - 1 9 1 . 7

- 1 3  +B46Fb5

-11 +B49764

- 1 2  +FC1644

- l o  +CB7EE6

- 1 1  +FB8Cb2

-13 +B4704E  E - 1 7 7 . 3

-11 +B49855  D - 1 7 1 . 4

- 1 2  +FC1773  8 - 1 5 4 , 1

-10 +CB2F71 D - 8 8 . 0 8

-11 +FB8CFC  F - 8 7 . 0 0

8



0 3 / 2 5 / 9 6Classi fy  Errors  in  S ingle  Prec is ion Subrout ines

Reference:  ZWOFZ  - Double precieion  complex W
Test: CWOFZ  - Single precision complex W

“Contour” plot of R.
Posi t ive  errors  wi th  O.  .26  incorrect  b i ts  are  represented by  .ABCDEFGH1JKLMNOPQRS7’UVUXY
Net?ative  errors with O. .25 incorrect bits are represented bv .abcdefchi  iklmnomrstuvwxv

;.72222
9.44444
9.16667
8.88889
8.61111
8.33333
8.05556
7.77778
7.50000
7.22222
6.94444
6.66667
6.38889
6.11111
6.63333
6.55556
6.27778
5.00000
4.72222
4.44444
4.16667
3.88889
3.61111
3.33333
3.05556
2,77778
2.60000
2.22222
1.94444
1.66667
1.38889
1.11111
.833333
.655556
.277778
.0000OOE+OO

8BBBBB8BBBB8BBB8  BBBBBBBBBB8BBBBBiBBBBB8BBBBiBBBBBBBBiBBiBBBBBhiBB8BBBBiB
BBBBBBB8BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBABBBBBBBBBBBBBcBB
BBBBBBBBBBBBBABB8BB8 BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBcBBBBBBBBBBBcB BBBBBBBBBBB BBBBBBBBBCBBBBBBBBBBBBBBBBBBBCCBBBBBBBBCBCBBBBBBBBBB
BBBABcBBBBBBBBABBBBBBBBBBBBB8BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB
BABBBBBBBBBBBBBBBBBBBBBBBB8BBBBBBBBBBBAABBBBBBBBBBBBBBBBBBBBBBBBBBBBBBcB
BBBBBBBBABBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBccBBBBBBBBBBBBBBBBBBBBBB8BcBBBBB
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBCBBBBBBBBBBBBBBBBBBBBCCBBBBCCBBB
BABBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB8BBBBBBBBBBBBBBBBBBBBcBBBBBBBBBBBBBB
BBBBBABBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBCBBCBBBBCBBCBBBBBBBBBBBBCBBCCBBBBC
CCCCCBCcCCccCBBBBBBBBBBBBBBBBBBCCBCCBBBBBBBBBCBCBBBBBBBBBBBBBBCCBBBBBBCB
DCCCCCCcCCCcCCCCCCCCbBBBBBBBBBBC8BCBBBBBBBBBBBBBCBBCBBBBBBBCBBBBBBBBBBBC
DccCCDdCCCCCCCCCCc CCCCCCCCBBBBCBbBBBBBBBBBBBBBBBBBBBCBBBBBBBBBBBCBBBBBBB
CCCdcCDCCCDCCcCDCCCDCCCDCCDCcBBBBBBCBBBACBBCBBCBCBBBBBBBBBBBBBBBBBCBbCBB
cdcDdDDcdDCDcDD  cDDddDdCCDcCDCcDCBC8  BBbBBbBBBCBBBBBBBBBBBCBBCCCCbCCCCBB8B
ddDDdDDEdDDDCDDDCDDDDdDdDDcDcCCCCCCBCBBBBBBBBBBBBBBCBBBCBBBCCBbCCBBBBCCB
dddDDCdDCDDDdDDDDDDDDDDDDCDcDDDcCCCCBBBBBBCBBBBBBCBBBBCBBBBBCCBCCBBBBBBB
DDdDDDDddDdDdDDDdDddDDDdDdDdDdDdddCCCCcBBCBBBBBBBB8BBBBBBCBCBBCBBCBCCBBC
ddddDDDDdEDDdDDddDEdddDdDDdDDDDDDDDDDdDCCCCBBBBBCCRCBBBCBCbBCBBBBBBBBBCB
deeEEDeDEdDDdDEDdDdDdDEDDdEDdddDDdDdDdCDDCBBBBBbBCBBBBCCBBBCBBBBCBCCBCBC
dEDdDEDdEF,dDEdEDEDEDeDdddDDDdDDDDDdDddDddCBBBBBbCBBbCBBBBBBCCBBCBCC8CCBB
eeDdEI)EdDEEEEEd  DdF.EDddDded  EI)EddDDDDE[)cdDdDDC  BBCBBCBCBBBCBBC  BBBCBCCCBCBbC

bccCCdDEEDEDDDEd  eEdeeEEEdeDeEedDDDDDddDDdCBBCBCBCCBBBBBBCBBCBBBBBCCbBb
BCdEEEeeEEeEEeF.EDEEdDeDEEEEDdDDDDDdDDBBBCBBBBBCBBBbCBbCBBBBCCCCC

bdeEEeEEEeEEeEEe  eeEEeEF.EEEEDDEeDDdCBCCCCCCBCBBBCBBCBBBCCCCBCC
DEEFGgGGgIgJiGHH  IingHJkLglii  KgIHFeBBBCBcBBcBBBBCBBCBCCCCBCBB
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B Samp]c output from S’I’FNI

‘J’hc first  page of outl)ut  frol~l S’JT’N1 is silnilar  in forlnat  to out~)ut fmn S’J’}’’N2.
]n the scconcl part of the output, l)rinting  the tcn most positive and I]cgativc
errors, Srll’N2 lnust  print two argumm)t  values, wl)ilc S’1’F’N1  ])rillts o]lly OIIC.
To save s})acc itl this rc])ort,  thcs(! out]mts  fmn STFN1,  wllicll ar(! silnilar  to
the first  two I)agcs of output sllowl)  above for S’JIP’N2,  arc not SI1OWJ]  llcrc. T’lic
plot  proclucccl by S~’FNl is substa~kially  cliffcrmlt from tllc ]dot produc[!d  by
SI’F’N2,  as shown below. III this cmt~)ut,, tllc user IIas s(!lcctcd ]Jots o]lly for
fmor mcasum  1;, N and 11.

6.s976 E-0>

2.8602  E-O?

8 ,2260 E-01

8 .2304 E-02
.1813

.1494

.2268

,?106

.2639

.3009

,3440

,9328

409e

.3828

,6016

.4794

.6498

.6234

.6832

.6070

.6872

,6463

,7213

.7230

.7093

,7627

.8748

.8693

.9216

.9132

.9938

,9949

1,021

1,017

i .074

1.107
1.186

1 . 1 7 6

1.241

1 .?03

1,303

1,302

1 . 3 1 2

1.348

1.388

1.440

1.499

1.496

1.s35

1.662

Reference:  DSIN

Te, t: SIN

-,48 E

.60

- .49E

.60

- ,49E
.60

-,47 E

.46

- .48E

.49

- ,49E

,60

-.  60E

.49

- .60E

.49

- .49E

.60

- ,SOE

.50
-,4’aE

,49

- ,60E

.60

-.49F

,49

- .49E

.50

- . 4 s  E

.49

- ,49E

,49

-,SOE

.47

-.60E

.49

- ,60E

.60

-,49E

.60

- .49E

.60

- . 4 8  E

.60
- .sOE

.41

- , 4 8  E

.60

- .60F.

.60

0

0
0
0
0
0
0
0
0
0

0
0
0

0

0
0
0
0

0
0
0
0

0

0
0

0

0
0
0
0

0
0

0

0
0
0
0

0

0
0

0
0
0

0
0

0

0
0
0

0

Doubl  B Prec1sim SINF

Si”gl@  Preclslon SINE

E

E

E

E

E

E

E

E

E

E

E

E

E

E

E

E

E

E

E

E

E

E

E

2 .0948 E-02

E 3,162  $E-02

6.68 B3E-02

E  8,2304  E-02

.1386

.1291

.2268

,1862

.2639

.2b33

,.9318
.33-/8

.3836

,3929

,6016

,4794

,6498

.6747

.6832

.6070

.6371

.6463

,7213

.6924

.7669

.7627

,8408

,8211

.0027

,9132

,9565

.9431

1,021

1.017

1.014

1.078

1,186

1,141

1,247

1.203

1.303

1.302

1 . 3 7 2

1,348

1.386

1,440

1.499

1.476

1,636

1 . 5 6 2

-.33 R

,41

- , 4 0  R

,38
-,37 R

,48
-,26 R

,28

-,40 R

,48

-,37 R

,38

-.33 R

.s2
-.26 R

.26

-,41 R

.60

- , 4 5  R

.44
- . 4 0  R

,41

-.38 R

,39
- . 3 6

.36

- . s 3

.33

- , 2 9

,31

- , 3 0

.30

-,29

,28

- . 2 8

,28
- . 2 7

.’27

- . 2 6

.27

- . 2 6

.26

-,24

.20
-.26

.24

-,24

.26

-,2s

.2s

R

k

R

R

R

R

R

R

R

R

R

R

R

0

0

0
0
0
0

0
0
0

0

0
0
0

0
0

0
0

0

0
0
0
0
0
0

0

0
0

0
0

0
0
0
0
0
0
0

0

0

0
0
0
0
0
0
0

0
0
0

0

0

0 3 / 1 9 / 9 6

6,6976 E-02

n 3,1628 E-02

B,2260  E-02

R 8.2304 F,-02

R

R

R

R

R

R

R

R

R

R

R

E

R

R

R

R

R

R

&

n

R

R

R

,1813
.1494

,>268

.2106

,2639
.3009

,3440

,3328

,4096
.3028

,60!6

,4794

,6498

,6247

,6832

,8070
.6872

.6463

.7213

.7230

.7993

.7621

,8748

,8593

,9216

,9132

,9938

.0949

1.0-2!

1,011

1,074

1, 107
1.185

1,176

1.241

1.?03

1.303

1.302

1 . 3 7 2

1,348

1.386

1 , 4 4 0

1 . 4 9 9

1.496

1,636

1.662

-.01 B
,01

- , 0 3  B

,03
-,06 B

.08

-.06 B

.06

- . 1 2  B
.12

-.12 B

.12

-.12 B

.12

-,12 B

,12

- . 2 s  B

.26

- , 2 6  B

,26
- , 2 4  B

.>4

-,26 B

.26
-.24

.24

- . 2 6

.2s

-.2’2

.24

- , 2 6

.26

- . 2 6

.24

- , 2 6

,>4
- . 2 6

.>6

- . 2 6

.26

-,24

.26

-,?4

m
- , 2 6

,24

- , 2 4

.2&

- , 2 6

.26

B

B

B

B

B

B

B

B

B

B

B

B

B

o
0
0

0
0
0
0
0
0
0

0

0

0
0
0
0
0

0

0

0
0

0
0

0
0
0

0
0
0
0
0
0

0

0

0
0

0
0
0

0

0

0
0
0
0

0
0
0
0
0

B

B

B

B

B

B

B

B

B

B

B

B

8

B

B

B

B

B

B

B

B

B

8

B

B

1()


